Many cold-working processes for polycrystalline metals cause alignment of the grains with a single symmetry axis. This type of microstructure is called fiber texture. The existence of a preferred orientation of the grains has a significant influence on the propagation and scattering of ultrasonic waves, which are often used for material inspection. Knowledge of the wave attenuation of such textured materials is of both theoretical and practical interest to nondestructive testing and materials characterization. In this article, the quantitative relations between fiber texture and wave attenuations of hexagonal crystals are presented. The texture is characterized by a Gaussian distribution function that contains a single parameter that governs the transition of the texture from perfectly aligned crystals to statistically isotropic. Under this assumption, the materials of interest have a varying degree of transverse isotropy representative of processing conditions. Simple expressions for the attenuations of the three modes of waves are given in a concise, generalized representation. Finally, numerical results are presented and discussed in terms of the directional, frequency, and texture dependence. The results presented are expected to improve the understanding of the microstructure evolution during thermomechanical processing.
I. INTRODUCTION
The macroscopic anisotropy of the physical properties of polycrystalline materials is generally determined by two factors, the anisotropy of the crystals, which is described by the single-crystal elastic constants, and the distribution of the crystals in space, which is called the texture. The simplest anisotropic symmetry class to be considered is that of medium with a single symmetry axis. The direction of the single symmetry axis is defined as the fiber direction. In this case, the fiber direction is not necessarily perpendicular to the sample surface, but typically is associated with processing conditions ͑e.g., rolling direction͒. The knowledge that the material microstructure directly affects the macroscopic material properties was a turning point in the field of materials manufacturing. Specific types of manufacturing processes are used to produce the corresponding microstructure in a controlled fashion. Many heat treatment processes, such as annealing, are used to relieve the internal stress state that develops during cold working, which allows the microstructure to rearrange itself to a state of lower energy. During such processing, individual crystals in a polycrystalline aggregate undergo orientation changes. Often, the recrystallization process creates material texture, or preferred orientation of grains. The degree and type of texture are best described quantitatively by the orientation distribution function ͑ODF͒.
The distribution of the orientation occurring in the recrystallization textures of polycrystalline titanium and zinc may be represented by a Gaussian ODF ͑Li, 2000͒.
Ultrasonic techniques provide information about the interior microstructure due to the penetration of ultrasonic waves. In recent years, major advances in ultrasonic monitoring nondestructive evaluation ͑NDE͒ demonstrate a potential to characterize recrystallization processes. Previous analysis of wave propagation and scattering in polycrystals with fiber texture was focused mainly on samples with cubic crystal symmetry ͑Hirsekorn, 1985 ͑Hirsekorn, , 1986 Turner, 1999; Ahmed and Thompson, 1996͒ . However, crystal symmetries other than cubic are also important. For example, the fiber texture of hexagonal crystals has been observed for a variety of materials, such as titanium, zinc, magnesium, ice, and many others.
The scattering of elastic waves by grains of polycrystals has received considerable attention. Contributions for cubic symmetry with uniformly distributed orientations of grains were made by Hirsekorn ͑1982, 1983͒, Stanke and Kino ͑1984͒, and Weaver ͑1990͒. The problem of wave propagation and scattering in the case of polycrystalline grains with an aligned ͓001͔ axis has been examined by Thompson ͑1996͒ and Turner ͑1999͒ . In that case, the average medium is statistically transversely isotropic. Ahmed and Thompson ͑1992, 1996͒ also studied correlations defined by both equiaxed grains and grains with elongation. Most recently, wave attenuation in the case of orthorhombic-cubic symmetry was investigated by Yang and Turner ͑2004͒.
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In this article, quantitative relations between fiber texture and wave attenuations of hexagonal crystals are presented. The texture is characterized by a Gaussian distribution function that contains a single parameter that governs the transition of the texture from perfectly aligned grains to statistically isotropic. Under this assumption, the materials of interest have a varying degree of transverse isotropy representing various states of processing conditions. Simple expressions for the attenuations of the three modes of waves are given in a concise representation. The resulting attenuations are presented and discussed in terms of the directional, frequency, and texture dependence. The results presented are expected to improve the understanding of the microstructure evolution during thermomechanical processing. In addition, the present formulation may be used to study diffuse ultrasonic problems in a straightforward manner.
II. EFFECTIVE ELASTIC STIFFNESS
For textured materials, a detailed description of polycrystalline material properties in the sample requires a knowledge of the orientation distribution of all crystallites in the sample. The orientation of a given single crystallite is specified by the three Euler angles , , and . The orientation distribution of crystallite grains with preferred directions in the sample can be described by the orientation distribution function ͑ODF͒, F͑ , , ͒, which is the probability density function in terms of the three Euler angles. To discuss the orientation of a grain, a set of crystallite-fixed axes X i is chosen for a given grain. One may choose the sample-fixed axes x i in polycrystals. The crystallite axes X i and the sample axes x i are related through a rotation matrix using the three Euler angles. In general, the elastic modulus tensor for a single hexagonal crystallite is given by
͑1͒
where the unit vector ê is defined as the crystal sixfold symmetry axis. The average medium is characterized by the average stiffness tensor. If the average elastic stiffness tensor, ͗c͘, represents a transversely isotropic medium, it may be written as a function of Kronecker deltas and the unit vector n , which defines the fiber direction ͑or uniaxial symmetry axis͒. It can be expressed by
where Eq. ͑3͒ serves to define the tensors J i with coefficients ⌫ i ͑i =1,2,3,4,5͒. Relations between ⌫ i and C ijkl are derived below. The ensemble average stiffness of the medium is defined explicitly by
where c ijkl is given in Eq. ͑1͒. As discussed above, an orientation distribution function ͑ODF͒ F͑ , , , ͒ is introduced to represent uniquely the crystallite orientation distribution. Here, a Gaussian distribution function is adopted as the ODF, which is a reasonable approximation for the fiber texture associated with hexagonal materials ͑Li, 2000͒. That is, the crystallite distribution depends only on Euler angle and is independent of angles and ,
where is a single parameter that governs the transition of the texture from perfectly aligned grains to statistically isotropic. The normalization coefficient F 0 is defined by
Thus, it may be expressed as
where Erfi is the imaginary error function. The shape of this type of distribution function for several values of is shown in Fig. 1 . Two extreme cases are observed. One is a quasisingle crystal with perfectly aligned grains which occurs as → 0. The other limiting case is a statistically isotropic polycrystal with randomly oriented grains which occurs as → ϱ. Other degrees of texture between these limits can be realized by varying . Thus, such a distribution function allows a single parameter to model this transition.
In order to obtain the coefficients of ⌫ i , the following identities are needed:
where the coefficients I m ͑m =0,2,4,6,8͒ are defined by
Using the identities given in Eq. ͑7͒, the five coefficients ⌫ i in Eq. ͑3͒ are obtained and expressed as
where M i are expressed in terms of the coefficients in Eq. ͑8͒ as
Hence, the five effective elastic constants of the ensemble average medium are given by
It is known that the identities given in Eq. ͑7͒ can be simplified under the two limiting cases of interest as ͑Fe-dorov, 1968͒
and ͗ê i ê j ͘ = n i n j , ͗ê i ê j ê k ê l ͘ = n i n j n k n l , when → 0. ͑11͒ The identities in Eq. ͑7͒ may be rewritten as
where
The five coefficients M 1 and M 2 , and S 1 , S 2 , and S 3 are shown in Figs. 2 and 3, respectively. It is observed as → ϱ, the coefficients M 2 , and S 2 and S 3 approach zero, and as → 0, the coefficients M 1 , and S 1 and S 2 approach zero. Thus, the expected limiting behavior for C is observed. For the statistically isotropic case, the average elastic stiffness of a hexagonal crystallite may be simplified as ͑Li and Thompson, 1990͒ 
͑13͒
Example results of the effective elastic constants are now shown for a titanium polycrystal. The material constants of the single crystallite used here are c 11 = 160 GPa, c 12 = 90 GPa, c 13 = 66 GPa, c 33 = 181 GPa, and c 44 = 46.5 GPa. In  Fig. 4 , the elastic constants are presented as a function of , where governs the crystal alignment from perfectly aligned ͑ =0͒ to randomly aligned ͑ → ϱ͒. It is clearly seen from Fig. 4 that as approaches zero, the grains in polycrystals become perfectly aligned. In this case, the polycrystal behaves as a quasi-single crystal, the elastic constants of which reduce to the appropriate single-crystal constants. When approaches infinity, the grains in the polycrystal are randomly oriented as expected. In such a case, the five independent elastic constants of the polycrystal reduce to two independent elastic constants. The transition between these two limits is seen clearly. Because the focus here is on wave propagation and scattering phenomena, the directional dependence of the wave speeds is of importance. Thus, slowness surfaces are presented for various parameter for the shear horizontal, quasilongitudinal, and quasishear waves, respectively, in Figs. 5, 6, and 7. The transition of the texture from perfectly aligned to statistically isotropic is clear.
III. ATTENUATION
The scattering of elastic waves, often characterized by the attenuation, in a polycrystal results from the misalignment of the grains. To calculate the attenuations, the relevant inner products on the covariance of the moduli fluctuations are required ͑Turner, 1999͒. These may be written as
where the covariance of the moduli fluctuations ⌶ ␣␤␥␦ ijkl is given explicitly by
The brackets, ͗ ͘, denote an ensemble average over all orientations of grains. The average elastic stiffness tensor, ͗c͘, is given in Eq. ͑4͒ for the case of interest here. The first term in Eq. ͑15͒ ͗cc͘ is defined by
In order to carry out the calculations in Eq. ͑16͒, the following general identities are given: 
where ⌬ mn = ␦ mn − n m n n . In Fig. 8 , examples of a few terms of ͗cc͘ are shown. As expected those values reach a constant value, respectively, as → ϱ. Using the identities given in Eqs. ͑7͒, ͑17͒, and ͑18͒, the covariance ⌶ ijkl ␣␤␥␦ can be written in a general form, which is not presented here due to brevity. Example values of the covariance ⌶ ijkl ␣␤␥␦ of interest are plotted in Fig. 9 . It is observed from Fig. 9 that the covariance ⌶ ijkl ␣␤␥␦ reduces to two constants when becomes larger.
For the inner products ⌶¯· û p ŝv ·û p ŝv presented in Eq. ͑14͒, the vectors p and ŝ, respectively, represent the incoming and outgoing propagation directions. The vectors û and v are vectors defining the polarization directions of the particular waves. Without loss of generality, the vectors are defined with respect to a general xyz coordinate system as shown in Fig. 10 . The vectors n , p , and ŝ are given by
The polarization vectors û and v as shown in Fig. 10 
where L is the spatial correlation length, which is of the order of the grain radius of the crystallites. In general, the simple exponential form of the correlation function must be modified for the polycrystalline materials with texture since grain elongation often exists. A more general expression ͑Ahmed and Thompson, 1992͒ will be used in future work. The influence of the choice of correlation function on the attenuations is not the subject of the present work. Using the expressions given above, the resulting dimensionless attenuations are written in a general form as ͑Yang and Turner, 2004͒
where K is defined as the polarization for the wave type ␤ ͑1, 2, or 3 for wave types SH, qP, and qSV, respectively͒. The normalized frequency x ␤ is defined by x ␤ = L / c ␤ , where is the frequency and c ␤ is the wave velocity of each type. In Eq. ͑20͒, it can be seen that the integrals are over the unit sphere, which is defined by unit vector ŝ. Further details of the scattering model can be reviewed by the reader in the articles of Weaver ͑1990͒ and Turner ͑1999͒. For the extreme case of statistical isotropy ͑ → ϱ͒, the dimensionless longitudinal and transverse attenuations can be given as follows:
where with = p · ŝ = cos ⌽, where ⌽ is the angle separating the propagation direction p and the scattering direction ŝ. The detailed expressions for the inner products in Eq. ͑22͒ are given in the Appendix. Numerical results of the attenuations are now presented for titanium, using the single elastic constants given above. First, Fig. 11 presents the normalized longitudinal and transverse attenuations which are given in Eq. ͑21͒ as a function of dimensionless frequency, x L , for the extreme case of statistically isotropy ͑ → ϱ͒. It is shown that the transverse attenuation is always greater than the longitudinal attenuation as shown in cubic crystals. Next, the general attenuations as a function of texture parameter are presented. To compute the attenuations of three wave types, numerical integrations are employed in Eq. ͑20͒. The inner products on the covariance of the moduli fluctuations are obtained by Eq. ͑14͒. Using the covariance and wave propagation vectors obtained, the inner products of each wave type are calculated numerically. Then, the attenuations of the three wave types as a function of texture parameter are obtained.
The texture dependence of the attenuations for a given dimensionless frequency x SH = 0.5 is presented. Figure 12 shows the dimensionless attenuation of the shear horizontal wave ͑SH͒ as a function of the texture parameter for given wave propagation directions ⌰. It is observed that attenuation is zero when the texture parameter is small. Since in this limit the hexagonal crystals are perfectly aligned, they behave as a single crystal without scattering attenuation as expected. After the zero attenuation region, the attenuation increases to reach a maximum, then decreases to constant attenuation. The attenuations along various propagation directions all recover the isotropic limit as expected. The slight error observed in the isotropic limit is due to limits of the numerical integrations. It is also observed from Fig. 12 that there are different maxima for different wave propagation directions such that it is sensitive to the propagation direction due to texture. In particular, it is seen that there is no peak presented for ⌰ = 0°. Such information is useful for monitoring microstructure evolution during processing.
In Fig. 13 , the dimensionless quasi-longitudinal attenuation ͑qP͒ is plotted versus the texture parameter for the given dimensionless frequency and wave propagation direction. It is observed that the attenuation shows a similar track with texture parameter to SH wave as well. The attenuation is zero for small, then increases to reach a maximum value. It is interesting to see that there are no maxima except at ⌰ = 0°and ⌰ = 30°appearing in other selected propagation directions. The dependence of these maxima on singlecrystal parameters is the subject of future research. The relationship between the attenuation of the quasi-shear vertical wave ͑qSV͒ and the texture parameter is presented in Fig. 14. It is seen that there are maxima displayed for some propagation directions. However, the variation of these peaks of the qSV wave is much smaller than those of the SH and qP waves. Therefore, it might be concluded that the SH and qP waves are more sensitive to the grain orientation during processing. The attenuation results provide good motivation to use experiment measurements to detect changes of microstructure of hexagonal materials during the cold-working process. In addition, the experimental data could be used with various representative samples of cold working to clarify the peak observed in the theoretical predictions as part of future research. 
IV. CONCLUSIONS
In this article, the wave propagation and scattering in hexagonal polycrystalline materials with fiber texture was discussed. The quantitative relations between fiber texture and wave attenuations of hexagonal crystals were presented. The texture is characterized by a Gaussian distribution function that contains a single parameter that governs the transition of the texture from perfectly aligned crystals to statistically isotropic. Under this assumption, the materials of interest have a varying degree of transverse isotropy representative of processing conditions. Simple expressions for the attenuations of the three modes of waves are given in a concise representation. Finally, numerical results for titantium were presented and discussed in terms of the directional, frequency, and texture dependence. The results show that the attenuations of each wave type can be considerably affected during processing since the material's microstructure is changing. The results presented are expected to improve the understanding of the texture variations during processing. In experimental measurements, if one measures the attenuations at several times during the annealing process, it might be possible to obtain the texture and grain size information using this model, which is a future research topic.
